We investigate decay constants of P and D-wave heavy-light mesons within the mock-meson approach. Numerical estimates are obtained using the relativistic quark model. We also comment on recent calculations of heavy-light pseudo-scalar and vector decay constants.
I. INTRODUCTION
Reliable estimates of heavy-light meson decay constants are important, since they appear in many processes from which fundamental quantities can be extracted [1] .
Theoretical investigations have focused on estimating decay constants for the weakly decaying pseudo-scalar meson and its HQET (heavy quark effective theory) related vector meson. Whereas the decay constant of the weakly decaying pseudo-scalar meson is of paramount importance for determining fundamental quantities, the decay constant of the S-wave vector meson plays a role in exclusive b → ulν transitions [2] and in radiative leptonic decays of heavy-light mesons [3] .
While those decay constants have been and continue to be studied intensively, the decay constants of the more highly excited heavy-light states have been normally ignored. This note attempts to rectify this situation, by predicting decay constants for many higher-excited resonances. That could be important phenomenologically on several accounts.
First, CLEO recently observed a significant wrong charm contribution in B decays [4] ,
governed essentially by the b → ccs ′ quark transitions. 1 The B → DX transitions were overlooked in all previous experimental analyses. Under the factorization assumption [5] , wherein the virtual W → cs hadronizes independently to the rest of the system, a quantitative modelling of the B → DX transitions can be undertaken once theory provides the decay constants for D * * s . 1 The prime indicates that the corresponding Cabibbo suppressed mode is included.
The mock meson is defined as a collection of free quarks weighted with a bound-state wave function. The mock-meson matrix elements M can then be calculated using full Dirac spinors. On the other hand, the physical matrix elements M can always be expressed in terms of Lorentz covariants with coefficients A i , which are Lorentz scalars. In many simple cases, M and M will be of the same form. The mock-meson prescription then says that in those cases one should simply take A i = A i . Indeed, this correspondence is exact in the zero-binding limit and in the meson rest frame. Away from this limit the mock amplitudes are in general not invariant by terms of order
In this paper we are primarily concerned with the decay constants of heavy-light qQ mesons. In the m Q → ∞ limit, heavy quark symmetry tells us that the angular momentum of the light degrees of freedom (LDF) in the heavy-light meson decouples from the spin of the heavy quark, and both are separately conserved by the strong interaction [21] . Therefore, total angular momentum j of the LDF is a good quantum number. For each j there are two degenerate heavy meson states (J = j ± 
In the above expression 
The mock-meson states as given in (2.1) are normalized to 2 M.
As already observed in [15] , the mock-meson approach suffers from a number of ambiguities, such as the choice for quark masses, or the definition of the mock-meson mass M . In the spirit of the method, the mock-meson mass should be defined as
However, as pointed out in [15] , the mock-meson mass has been introduced to give the correct relativistic normalization of the meson's wave function, and hence the use of the physical meson mass M instead of E q + E Q may be more appropriate. We adopt the same approach, and write M = M. We also note that the heavier the mesons are, the less important it is how the mock-meson mass is defined, since the relativistic effects and binding energies become less significant. As far as quark masses are concerned, the self-consistency of the model requires the use of constituent quark masses. In our error estimates we have included variations of constituent light quark masses over a range of about 200 MeV , and also of heavy quark masses over a range of about 400 MeV , so that we believe that uncertainties introduced by a particular choice of quark masses are being properly taken into account.
III. DECAY CONSTANTS
Decay constants of heavy-light mesons are defined through matrix elements of vector V µ and pseudo-vector A µ currents between a meson state and the vacuum. Following standard definitions in the literature [11] , for pseudo-scalar (P), vector (V), scalar (S), and pseudo-vector (A) mesons, we write
Note that in the heavy quark limit 0 In order to obtain expressions for decay constants in terms of integrals over momentum-space meson wave functions, we evaluate the matrix elements (3.1)- (3.6) in the meson rest frame using (2.1). Of course, any choice of polarization for spin 1 mesons should yield the same result. As mentioned earlier, current matrix elements between states defined in (2.1) and the vacuum can be evaluated exactly with full Dirac spinors. Because of spherical symmetry, the momentum-space wave function can be written in the form
In the above Y LM L are the usual spherical harmonics, and R nL (p) is the radial part of the wave function, where p denotes |p| henceforth. Using (3.7), and keeping track of the relevant CG coefficients, we find that all heavy-light meson decay constants in the mock-meson approach can be written in the form
where
12)
Expressions (3.9) and (3.10) were found in [12] and [17] , respectively.
It is interesting to observe that in the limit m Q → ∞ (3.8)-(3.14) become
Equality of f P and f V 1/2 , and also that of f S and f A 1/2 , as well as vanishing of f A 3/2 and f V 3/2 , are in the heavy quark limit expected from the heavy quark symmetry.
IV. RELATIVISTIC QUARK MODEL
In order to obtain numerical estimates for the decay constants of heavy-light mesons, we consider the simplest and widely used generalization of the non-relativistic Schrö-dinger equation [11, [18] [19] [20] with Hamiltonian given by
where for V (r) we take the QCD-motivated Coulomb-plus-linear potential [11] V (r) = − 4 3
For the sake of simplicity, 2 we take α s to be a fixed effective short range coupling 3 As can be seen in Table I, these parameters yield an excellent description of the observed spin-averaged heavy-light spectrum.
We now turn to the discussion of pseudo-scalar and vector decay constants. Recently, Ref. [17] used (4.1) with six different potentials, and with current quark masses 2 The running coupling constant was used in [11] . from [24] , minimized the Hamiltonian with respect to the variational parameter β of a single harmonic oscillator (HO) wave function,
and then used the wave function obtained in this way to get pseudo-scalar and vector decay constants from (3.8), (3.9) and (3.10). However, a single harmonic oscillator (HO) basis state is not a suitable approximation for the meson wave function. Namely, lattice simulations [25] show that heavy-light wave functions fall exponentially with large r (∼ e −βr ), and therefore HO wave functions (∼ e −β 2 r 2 /2 ) cannot be expected to reflect the correct dynamics of heavy-light mesons. If single basis states are used, a much better choice would be pseudo-Coulombic (PC) basis states [26] which fall exponentially with large r and appear to be in a good agreement with the lattice data, as can be seen in Figure 1 .
Models such as the one we are using here are usually solved by diagonalizing the Hamiltonian matrix in a particular (truncated) basis, with basis states depending on some variational parameter [27] . As one increases the number of basis states, the dependence of eigenvalues and eigenfunctions on the variational parameter should vanish for the lowest states. In the case of QCD-motivated potentials the solutions obtained with the PC wave functions converge much more rapidly with an increase in the number of basis states, than those obtained with the HO wave functions. We illustrate that in Figure 2 , by plotting the dependence of energy of the lowest 1S state on the variational parameter for N = 1, 5 and 15 basis states, for both PC and HO wave functions. One can clearly see that the lowest 1S HO wave function is not a very good trial wave function in a variational calculation of (4.1) (with QCD-motivated potentials). Furthermore, even if one believes that the N = 1 HO result for a state energy is acceptable (it is roughly 50 MeV higher than the exact solution, as can be seen in One can now observe that if one uses enough basis states, the choice of basis wave functions should not matter, and pseudo-scalar and vector decay constants should be obtainable from the relativistic quark model considered here. The problem is, however, that the 1S wave function is divergent at the spatial origin [28] , i.e.,
The singularity for r → 0 is related to the singularity of the short-range Coulomb potential. By increasing the number of (usually finite at r = 0) basis states, one is gradually beginning to see that singularity [20] . Furthermore, from (4.4) one can see that the degree of divergence highly depends on the choice of α s . Because of that, one can expect that pseudo-scalar and vector decay constants cannot be reliably estimated within the model we are considering. In Figures 3 and 4 However, as implied by (4.4), both f P and f V 1/2 are quite sensitive to the particular choice of parameters of the model. In our calculations we have observed that results obtained with fixed N can vary up to a few hundred MeV . Because of that, we were not able to obtain reliable estimates of f P and f V 1/2 from the model considered in this paper.
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One possible solution of the problem discussed above would be to replace the 1/r potential with the one-loop single gluon exchange potential, i.e., α s → α s (r). The 1S solution of (4.1) in that case is still divergent, but the divergence is only logarithmic [28] . This should lead to much more stable results than the ones shown in Figures 3 and 4. These results should also be much less dependent on the specific choice of the model parameters. In fact, such a calculation for f P (for D, D s , B, and B s mesons)
was already performed by Capstick and Godfrey in [15] using the model of [11] . The dependence of their results on the number of basis states was not shown, but the authors of [15] stated that they believed that the model overestimates pseudo-scalar decay constants (e.g., for D meson they found f P = 301 MeV with uncertainty of 20%). Even though it is important to investigate what really happens with both f P and f V 1/2 in such a model, we shall not consider it in the present paper.
We next discuss the heavy-light P and D-wave decay constants. While we were not able to obtain reliable results from (4.1) and (4.2) for the S-waves, the situation for P Tables II, III , IV, and V, respectively. 7 To obtain these results the effective string tension b of the model was determined from the observed slope of 6 By fixing all input parameters, the sensitivity of the decay constants on the number of basis states was investigated. To achieve an accuracy of 0.1 MeV for f S and f V 3/2 as little as 10 PC basis states usually were needed, while to achieve the same accuracy for f A 1/2 and f A 3/2 requires in general about 50 to 75 PC basis states. 7 All results given in Tables II through V As one can see from those tables, in spite of the fact that our calculations are performed for a broad range of constituent quark masses, and also for a wide range of the unknown P -wave mass, as long as a good description of the observed heavy-light meson spectrum is maintained, the P and D-wave heavy-light decay constants are all predicted rather precisely. It is also interesting to observe that the decay constants of strange 0 .13) and (3.14).
V. CONCLUSION
In this paper we have examined decay constants of heavy-light mesons within the mock-meson approach [7] [8] [9] [10] . We obtained all the relevant expressions in the j-j coupling scheme. For numerical estimates we employed a simple and widely used relativistic quark model [11, [18] [19] [20] . 139 ± 30
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